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Abstract
Minimal photon fluxes (MINFLUX) nanoscopy has emerged as a transformative advancement in superresolution
imaging, enabling unprecedented nanoscale observations across diverse biological scenarios. In this work, we
propose, for the first time, that employing high-order vortex beams can significantly enhance the performance of
MINFLUX, surpassing the limitations of the conventional MINFLUX using the first-order vortex beam. Our theoretical
analysis indicates that, for standard MINFLUX, high-order vortex beams can improve the maximum localization
precision by a factor corresponding to their order, which can approach a sub-nanometer scale under optimal
conditions, and for raster scan MINFLUX, high-order vortex beams allow for a wider field of view while maintaining
enhanced precision. These findings underscore the potential of high-order vortex beams to elevate the performance
of MINFLUX, paving the way towards ultra-high resolution imaging for a broad range of applications.

Introduction
Pursuing resolution beyond the diffraction limit of

conventional optical systems has become pivotal in con-
temporary biomedical research. Over the past few dec-
ades, several superresolution methods have been
developed to surpass the diffraction limit, such as sti-
mulated emission depletion (STED) microscopy1, photo-
activated localization microscopy (PALM)2 and stochastic
optical reconstruction microscopy (STORM)3. Notably,
minimal photon fluxes (MINFLUX) nanoscopy4, pro-
posed in 2017 by Balzarotti et al., marks a transformative
advancement in fluorescence imaging, achieving unpre-
cedented spatial resolution down to the nanometer scale.
By employing a doughnut-shaped excitation beam fea-
turing a central dark point to scan the sample, MINFLUX
allows for the precise localization of single emitters with
fewer photons, thereby significantly reducing photon flux
and preventing potential photobleaching or phototoxicity.
When combined with controllable fluorescence excita-
tion, MINFLUX has delivered exceptionally high

resolution for the observation of various biological sam-
ples and processes, facilitating a deeper understanding of
cellular dynamics, protein interactions, and complex
biological mechanisms at a molecular level5–17.
While the original MINFLUX typically employs a four-

point targeted coordinate pattern (TCP) and a first-order
vortex beam as the doughnut, alternatives have been
developed to enhance its performance. Masullo et al.18

introduced raster scanning MINFLUX (RASTMIN) to
reduce the experimental complexity. It is demonstrated
that RASTMIN delivers performance comparable to
MINFLUX, with a simplified implementation which is
more compatible with confocal scanning microscopes.
Zhao et al.19 proposed that two-photon fluorescence20

improves the precision of MINFLUX. By exciting two-
photon fluorescence, the optimal localization precision is
doubled compared with the single-photon case. Recently
in Ref. 21, the performance of multiphoton MINFLUX and
RASTMIN has been theoretically analyzed.
Multiphoton luminescence22 enhances the performance

of MINFLUX essentially by engineering the point spread
function (PSF). Near the central area of the field of view
(FOV), this optimization is analogous to utilizing a high-
order (HO) vortex beam. Moreover, HO vortex beams
offer greater degrees of freedom and better compatibility
for deployment, eliminating the need for modifications to
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Localization precision analysis
To see how the order of vortex beams exactly affects the

MINFLUX precision of localization, we analyze the Cra-
mér-Rao Bound (CRB) for different order vortex beams
and the effect of some other practical parameters, such as
the length of TCP L and the signal to background ratio
(SBR).
Generally, two common TCPs are employed in MIN-

FLUX: the widely used four-point TCP and the raster scan
TCP, as illustrated in Fig. 2a. We therefore examine both
configurations for comparison.
The analytical expression for the CRB of MINFLUX is

typically complex, influenced by the illumination pattern,
the TCP and the position of the emitter, see Method for

the detailed derivations. For conventional MINFLUX with
four-point TCP, an explicit expression can be derived for
the central CRB as

σ0 ¼ L

2n
ffiffiffiffiffiffiffi
2N

p s

jlj � L2

2w2

ð4Þ

Here n stands for the n-photon excitation, l refers to the
order of vortex beam, N is the number of detected

photons and s ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ 3

4SBRÞð1þ 1
SBRÞ

q
. Equation (4) is a

generalization of Eq. (2) in Ref. 19. Apparently, the order l
improves the central CRB slightly more than jlj-fold, as L
is much smaller than w. Vortex order l thus plays a similar
role as n, requiring only 1=l2 of the photons to achieve the
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Fig. 2 Performance of MINFLUX with HO vortex beam. a The four-point TCP and raster scan TCP. b Central CRB plotted as a function of L. For
noisy cases, SBR is set as 4 at L= 50 nm. c Central CRB plotted as a function of the SBR, where L ¼ 50nm. The total photon count is set as 100
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either the laser source or the samples. Nevertheless, a
systematic analysis of HO vortex beam based MINFLUX
remains unexplored, leaving a critical gap that impedes
the full exploitation of the potential of MINFLUX.
In this work, we theoretically demonstrate that the

performance of MINFLUX can be significantly enhanced
by employing HO vortex beams as excitation. Compared
to the conventional MINFLUX with the first-order vortex
beam, HO vortex beams offer superior precision for
localizing single emitters. For MINFLUX with conven-
tional four-point TCP, the central precision increases
proportionally to the vortex order, indicating a sub-
stantially improved precision for iterative measurements,
while for raster scanning MINFLUX, enhanced precision
is achieved across a broader area, suggesting an extended
FOV for fixed measurements.

Results
Principle of HO MINFLUX
Conventional MINFLUX generally utilizes a first-order

vortex beam as the doughnut excitation, which is a special
type of Laguerre-Gaussian (LG) beam23. The amplitude
profile of a Laguerre Gaussian beam is given by

φlpðrÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2p!
πðpþ jljÞ!

s
1
w

ffiffiffi
2

p
r

w

� �jlj
Ljljp

2r2

w2

� �
e�

r2

w2e�ilθ

ð1Þ
where r ¼ ðr; θÞ is the position vector in the polar
coordinate system, l and p are the azimuthal and radial
indices, respectively. w is the radius of beam waist, which
is related to the full width at half maximum (FWHM) as
FWHM ¼ ffiffiffiffiffiffiffiffiffiffiffi

2 ln 2
p

w. Ljljp ð�Þ is the associated Laguerre
polynomial.

When l ≠ 0, the LG beam exhibits vortex phase front and
carries orbital angular momentum (OAM)24,25, where the
center of the beam appears as the singularity, presenting a
doughnut-like profile. The order of vortex is determined by
the azimuthal index l, also known as the topological charge.
l= 1 refers to the most widely applied doughnut beam. The
radial index p brings more oscillations to the beam profile.
As the region of interest (ROI) of MINFLUX is typically
much smaller than the beam width, the p index has negli-
gible effect on the beam profile as well as the precision of
MINFLUX, as will be elaborated on later. Therefore, in this
study, we mainly focus on cases that p= 0.
The intensity profile of an l-order vortex beam is

described by

IðrÞ / 2r2

w2

� �jlj
e�

2r2

w2 ð2Þ

As can be noted, in the vicinity of central region, IðrÞ /
r2jlj, which behaves similarly to the PSF of jlj-photon

fluorescence when using a first-order vortex beam. Thus,
while multiphoton excitation has been shown to improve
the localization precision of MINFLUX19,21, HO vortex-
based MINFLUX achieves comparable performance and
offers a more convenient implementation, requiring only
the modulation of the excitation wavefront.
The enhancement of localization precision with HO

vortex beams can be intuitively illustrated by the sensi-
tivity of photon detection on the position, or the propa-
gation of uncertainty from photon detection to position
estimation, as is shown in Fig. 1. Considering the arrival of
photons follows a Poisson process, the Poisson rate λ,
which represents the mean photon count, is proportional
to the excitation intensity, λ / IðrÞ. We can then derive
that

∂λ

∂r
¼ 2λ

r
jlj � 2r2

w2

� �
ð3Þ

Near the center where r � w, we have ∂λ
∂r � 2λ

r jlj. Con-
sequently, given the same position r and Poisson rate λ,
the photon counts detected in HO vortex are more sen-
sitive to the variation of position. Regarding the propa-
gation of uncertainty, with the same uncertainty in
photon detection, the uncertainty in position estimation is
decreased for HO vortex beam. For an l-order vortex
beam, there is an jlj-fold increase in the sensitivity and
decrease in the uncertainty, which enhances the perfor-
mance in localization microscopy.
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Localization precision analysis
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mér-Rao Bound (CRB) for different order vortex beams
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either the laser source or the samples. Nevertheless, a
systematic analysis of HO vortex beam based MINFLUX
remains unexplored, leaving a critical gap that impedes
the full exploitation of the potential of MINFLUX.
In this work, we theoretically demonstrate that the

performance of MINFLUX can be significantly enhanced
by employing HO vortex beams as excitation. Compared
to the conventional MINFLUX with the first-order vortex
beam, HO vortex beams offer superior precision for
localizing single emitters. For MINFLUX with conven-
tional four-point TCP, the central precision increases
proportionally to the vortex order, indicating a sub-
stantially improved precision for iterative measurements,
while for raster scanning MINFLUX, enhanced precision
is achieved across a broader area, suggesting an extended
FOV for fixed measurements.

Results
Principle of HO MINFLUX
Conventional MINFLUX generally utilizes a first-order

vortex beam as the doughnut excitation, which is a special
type of Laguerre-Gaussian (LG) beam23. The amplitude
profile of a Laguerre Gaussian beam is given by
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where r ¼ ðr; θÞ is the position vector in the polar
coordinate system, l and p are the azimuthal and radial
indices, respectively. w is the radius of beam waist, which
is related to the full width at half maximum (FWHM) as
FWHM ¼ ffiffiffiffiffiffiffiffiffiffiffi

2 ln 2
p

w. Ljljp ð�Þ is the associated Laguerre
polynomial.

When l ≠ 0, the LG beam exhibits vortex phase front and
carries orbital angular momentum (OAM)24,25, where the
center of the beam appears as the singularity, presenting a
doughnut-like profile. The order of vortex is determined by
the azimuthal index l, also known as the topological charge.
l= 1 refers to the most widely applied doughnut beam. The
radial index p brings more oscillations to the beam profile.
As the region of interest (ROI) of MINFLUX is typically
much smaller than the beam width, the p index has negli-
gible effect on the beam profile as well as the precision of
MINFLUX, as will be elaborated on later. Therefore, in this
study, we mainly focus on cases that p= 0.
The intensity profile of an l-order vortex beam is
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As can be noted, in the vicinity of central region, IðrÞ /
r2jlj, which behaves similarly to the PSF of jlj-photon

fluorescence when using a first-order vortex beam. Thus,
while multiphoton excitation has been shown to improve
the localization precision of MINFLUX19,21, HO vortex-
based MINFLUX achieves comparable performance and
offers a more convenient implementation, requiring only
the modulation of the excitation wavefront.
The enhancement of localization precision with HO

vortex beams can be intuitively illustrated by the sensi-
tivity of photon detection on the position, or the propa-
gation of uncertainty from photon detection to position
estimation, as is shown in Fig. 1. Considering the arrival of
photons follows a Poisson process, the Poisson rate λ,
which represents the mean photon count, is proportional
to the excitation intensity, λ / IðrÞ. We can then derive
that
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sequently, given the same position r and Poisson rate λ,
the photon counts detected in HO vortex are more sen-
sitive to the variation of position. Regarding the propa-
gation of uncertainty, with the same uncertainty in
photon detection, the uncertainty in position estimation is
decreased for HO vortex beam. For an l-order vortex
beam, there is an jlj-fold increase in the sensitivity and
decrease in the uncertainty, which enhances the perfor-
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central CRB compared to MINFLUX, enhances the CRB
more uniformly across the entire FOV, accommodating a
larger region for the emitter. Therefore, MINFLUX is
particularly well-suited for an iterative scan scheme,
which progressively confines the emitter towards the
center of the TCP, while RASTMIN is more effective with
a fixed scan scheme, providing a larger FOV for tracking
emitters over extended areas. Figure 3b plots the CRB
along 0 degree for different orders of vortex beams. In
MINFLUX, the CRB improves significantly with HO
vortex beams when the emitter is near the central region.
However, the precision may even drop below that of
lower-order beams when the emitter deviates further
from the center. For RASTMIN, the CRB is improved for
HO vortex within the entire FOV. Additionally, the
increase in CRB from the center to the edge is slower in
RASTMIN compared to MINFLUX, indicating more
uniform performance across the FOV.
Define the effective FOV (EFOV) as the circular area

where the CRB is below 4 nm, a threshold chosen to
represent high-precision localization capabilities. Under
this definition, we quantify the EFOV for different orders
of vortex beams in both MINFLUX and RASTMIN. For
MINFLUX, the diameter of EFOV is 35.85 nm for l= 1,
32.80 nm for l= 2, and decreases to 29.19 nm for l= 3.
For RASTMIN, the EFOV shows an evident increase,
from 37.88 nm for l= 1, to 42.80 nm for l= 2, and
45.93 nm for l= 3. These data intuitively show that
increasing the vortex order l significantly expands the
EFOV in RASTMIN, suggesting the potential for imaging
larger areas with high precision, which could be particu-
larly beneficial for studying extended cellular structures or
dynamic processes over wider regions.
In practice, prior information about emitter’s position is

often available through approaches such as wide-field
imaging, preliminary confocal scans, or initial rounds of
conventional MINFLUX. Under such conditions, the
Bayesian CRB27,28 can be used to evaluate the precision of
localization. Typically, prior information yields a normal
distribution for the emitter’s position29. Assuming a
standard deviation of 50 nm for the prior distribution, the
Bayesian CRB for MINFLUX is calculated to be 6.95 nm,
4.59 nm, 3.63 nm for l= 1, l= 2, and l= 3, respectively.
For RASTMIN, the corresponding values are 7.22 nm,
4.80 nm, and 3.81 nm. Both cases show that the precision
conditioned on prior information can be significantly
improved with HO vortex beams.
Besides the improved precision, another advantage of

HO vortex beams lies in their enhanced robustness within
turbid scattering media, such as biological tissues. As
demonstrated in previous works30,31, higher-order vortex
beams exhibit higher transmittance in strongly scattering
environments, enabling them to penetrate deeper into
biological tissues. This property further enhances the

capability of HO vortex beams for deep in vivo biological
observations.

The effect of radial index
In the previous section, we examined the performance

of MINFLUX for the case where p= 0. Here, we show
that the radial index p has a negligible effect on the
localization precision of MINFLUX.
According to Eq. (1), the radial index p influences the

beam profile via the associated Laguerre polynomial.
Since the ROI in MINFLUX is typically much smaller
than the beam width, the leading term of the associated
Laguerre polynomial in this case is a constant. As a result,
the profile of the beam within the ROI is not significantly
affected by the radial index, which in turn subtly impacts
the localization precision of MINFLUX.
In Fig. 4, we numerically calculate the central CRB for

vortex beams with different radial indices. It is apparent
that for both MINFLUX and RASTMIN, beams with the
same azimuthal index (solid and dashed curves) yield
nearly identical CRB values, irrespective of the radial
index. Noticeable divergence in CRB values emerges when
the length of the TCP is excessively large, and this
divergence reduces as the azimuthal index l increases. The
2D CRB map for different radial indices is presented in
Supplementary Section I, where it is also observed that the
CRB within the entire ROI changes little with varying p
indices.

Monte Carlo simulation
To verify our theoretical analysis and demonstrate the

performance of HO vortex-based MINFLUX, we employ
Monte Carlo simulation method to simulate the locali-
zation process in MINFLUX. We generate multinomial
random numbers to represent photon counts at each
scanning point, corresponding to the probability dis-
tribution over the TCP. Subsequently, we apply maximum
likelihood estimation (MLE) to retrieve the emitter’s
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same precision as a first order doughnut beam. The
excitation wavelength primarily influences the precision
of MINFLUX by affecting the focused beam size w, which
has a negligible impact in the subdiffraction region, as
studied in Ref.4,19.
To facilitate a comparison between MINFLUX and

RASTMIN, we numerically calculate the CRB for both
TCPs. Figure 2b illustrates the central CRB as a function
of L. In the excess noise-free scenario represented by the
solid curves, the CRB always decreases as L reduces, with
higher-order vortex beams consistently yielding smaller
CRBs. In this ideal case, higher-order vortices always
achieve superior precision given the same L. For noisy
scenarios, as represented by the dashed curves, the pre-
sence of background noise significantly affects the loca-
lization precision of MINFLUX, as the signal can be
overwhelmed by the noise near the center. Consequently,
continuously decreasing L gives rise to a very low SBR,
which may lead to a dramatic increase in the CRB. An
optimal L which minimizes the CRB can be identified for
each vortex beam, as indicated by the crosses on the
dashed lines in Fig. 2b. The minimum CRBs achieved
under MINFLUX for l= 1, 2, and 3 are 1.64 nm, 1.06 nm,
and 0.72 nm, respectively, while under RASTMIN, the
corresponding values are 1.95 nm, 1.34 nm, and 0.94 nm,
respectively. For both TCPs, higher-order vortices deliver
superior optimal precisions.
It should be noted that the SBR for HO vortex beams is

more sensitive. For instance, in MINFLUX, the relation
between SBR and L is given by

SBRL ¼ SBRL0
L
L0

� �2jlj
e�

L2�L2
0

2w2 ð5Þ

where the SBR decreases more rapidly for HO vortex
beams as L reduces. Therefore, at small L, HO vortex

beams may result in even larger errors due to the
extremely low SBR.
Figure 2c analyzes the effect of SBR, where the length of

TCP is set to be 50 nm. It is evident that when the SBR is
too low (e.g. SBR < 1), the CRB becomes substantially
large, impeding the precise localization in MINFLUX.
Improving the SBR significantly reduces the CRB, which
eventually converges to the precision in noiseless
conditions.
While in both MINFLUX and RASTMIN, HO vortex

beams improve the maximum precision at the center,
MINFLUX with four-point TCP offers superior
improvement. For example, with L= 50 nm, SBR= 4,
central CRB values under MINFLUX for l= 1, 2, 3 are
2.31 nm, 1.15 nm and 0.76 nm, respectively. This
improvement slightly exceeds l-fold, as can also be
inferred from Eq. (4). In RASTMIN, the corresponding
values are 2.66 nm, 1.44 nm, and 1.00 nm, showing a
smaller improvement on the central CRB compared to
MINFLUX. Compared with several variants of MINFLUX
which have demonstrated nanometer-scale resolution (as
summarized in the table in Ref.26), HO vortex beams hold
significant promise for further improving MINFLUX
precision to the sub-nanometer level under optimized
conditions.
While MINFLUX excels in achieving higher central

precision, RASTMIN offers advantages with its expanded
FOV. In Fig. 3a, we study the CRB distribution across
two-dimensional (2D) space. As can be observed, for
MINFLUX, increasing the vortex order significantly
reduces the central CRB, but this improvement is limited
to the central region. The CRB deteriorates considerably
outside the central area, indicating that optimal localiza-
tion requires confining the emitter near the center of the
TCP. In contrast, RASTMIN, despite its slightly inferior
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central CRB compared to MINFLUX, enhances the CRB
more uniformly across the entire FOV, accommodating a
larger region for the emitter. Therefore, MINFLUX is
particularly well-suited for an iterative scan scheme,
which progressively confines the emitter towards the
center of the TCP, while RASTMIN is more effective with
a fixed scan scheme, providing a larger FOV for tracking
emitters over extended areas. Figure 3b plots the CRB
along 0 degree for different orders of vortex beams. In
MINFLUX, the CRB improves significantly with HO
vortex beams when the emitter is near the central region.
However, the precision may even drop below that of
lower-order beams when the emitter deviates further
from the center. For RASTMIN, the CRB is improved for
HO vortex within the entire FOV. Additionally, the
increase in CRB from the center to the edge is slower in
RASTMIN compared to MINFLUX, indicating more
uniform performance across the FOV.
Define the effective FOV (EFOV) as the circular area

where the CRB is below 4 nm, a threshold chosen to
represent high-precision localization capabilities. Under
this definition, we quantify the EFOV for different orders
of vortex beams in both MINFLUX and RASTMIN. For
MINFLUX, the diameter of EFOV is 35.85 nm for l= 1,
32.80 nm for l= 2, and decreases to 29.19 nm for l= 3.
For RASTMIN, the EFOV shows an evident increase,
from 37.88 nm for l= 1, to 42.80 nm for l= 2, and
45.93 nm for l= 3. These data intuitively show that
increasing the vortex order l significantly expands the
EFOV in RASTMIN, suggesting the potential for imaging
larger areas with high precision, which could be particu-
larly beneficial for studying extended cellular structures or
dynamic processes over wider regions.
In practice, prior information about emitter’s position is

often available through approaches such as wide-field
imaging, preliminary confocal scans, or initial rounds of
conventional MINFLUX. Under such conditions, the
Bayesian CRB27,28 can be used to evaluate the precision of
localization. Typically, prior information yields a normal
distribution for the emitter’s position29. Assuming a
standard deviation of 50 nm for the prior distribution, the
Bayesian CRB for MINFLUX is calculated to be 6.95 nm,
4.59 nm, 3.63 nm for l= 1, l= 2, and l= 3, respectively.
For RASTMIN, the corresponding values are 7.22 nm,
4.80 nm, and 3.81 nm. Both cases show that the precision
conditioned on prior information can be significantly
improved with HO vortex beams.
Besides the improved precision, another advantage of

HO vortex beams lies in their enhanced robustness within
turbid scattering media, such as biological tissues. As
demonstrated in previous works30,31, higher-order vortex
beams exhibit higher transmittance in strongly scattering
environments, enabling them to penetrate deeper into
biological tissues. This property further enhances the

capability of HO vortex beams for deep in vivo biological
observations.

The effect of radial index
In the previous section, we examined the performance

of MINFLUX for the case where p= 0. Here, we show
that the radial index p has a negligible effect on the
localization precision of MINFLUX.
According to Eq. (1), the radial index p influences the

beam profile via the associated Laguerre polynomial.
Since the ROI in MINFLUX is typically much smaller
than the beam width, the leading term of the associated
Laguerre polynomial in this case is a constant. As a result,
the profile of the beam within the ROI is not significantly
affected by the radial index, which in turn subtly impacts
the localization precision of MINFLUX.
In Fig. 4, we numerically calculate the central CRB for

vortex beams with different radial indices. It is apparent
that for both MINFLUX and RASTMIN, beams with the
same azimuthal index (solid and dashed curves) yield
nearly identical CRB values, irrespective of the radial
index. Noticeable divergence in CRB values emerges when
the length of the TCP is excessively large, and this
divergence reduces as the azimuthal index l increases. The
2D CRB map for different radial indices is presented in
Supplementary Section I, where it is also observed that the
CRB within the entire ROI changes little with varying p
indices.

Monte Carlo simulation
To verify our theoretical analysis and demonstrate the

performance of HO vortex-based MINFLUX, we employ
Monte Carlo simulation method to simulate the locali-
zation process in MINFLUX. We generate multinomial
random numbers to represent photon counts at each
scanning point, corresponding to the probability dis-
tribution over the TCP. Subsequently, we apply maximum
likelihood estimation (MLE) to retrieve the emitter’s
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same precision as a first order doughnut beam. The
excitation wavelength primarily influences the precision
of MINFLUX by affecting the focused beam size w, which
has a negligible impact in the subdiffraction region, as
studied in Ref.4,19.
To facilitate a comparison between MINFLUX and

RASTMIN, we numerically calculate the CRB for both
TCPs. Figure 2b illustrates the central CRB as a function
of L. In the excess noise-free scenario represented by the
solid curves, the CRB always decreases as L reduces, with
higher-order vortex beams consistently yielding smaller
CRBs. In this ideal case, higher-order vortices always
achieve superior precision given the same L. For noisy
scenarios, as represented by the dashed curves, the pre-
sence of background noise significantly affects the loca-
lization precision of MINFLUX, as the signal can be
overwhelmed by the noise near the center. Consequently,
continuously decreasing L gives rise to a very low SBR,
which may lead to a dramatic increase in the CRB. An
optimal L which minimizes the CRB can be identified for
each vortex beam, as indicated by the crosses on the
dashed lines in Fig. 2b. The minimum CRBs achieved
under MINFLUX for l= 1, 2, and 3 are 1.64 nm, 1.06 nm,
and 0.72 nm, respectively, while under RASTMIN, the
corresponding values are 1.95 nm, 1.34 nm, and 0.94 nm,
respectively. For both TCPs, higher-order vortices deliver
superior optimal precisions.
It should be noted that the SBR for HO vortex beams is

more sensitive. For instance, in MINFLUX, the relation
between SBR and L is given by

SBRL ¼ SBRL0
L
L0

� �2jlj
e�

L2�L2
0

2w2 ð5Þ

where the SBR decreases more rapidly for HO vortex
beams as L reduces. Therefore, at small L, HO vortex

beams may result in even larger errors due to the
extremely low SBR.
Figure 2c analyzes the effect of SBR, where the length of

TCP is set to be 50 nm. It is evident that when the SBR is
too low (e.g. SBR < 1), the CRB becomes substantially
large, impeding the precise localization in MINFLUX.
Improving the SBR significantly reduces the CRB, which
eventually converges to the precision in noiseless
conditions.
While in both MINFLUX and RASTMIN, HO vortex

beams improve the maximum precision at the center,
MINFLUX with four-point TCP offers superior
improvement. For example, with L= 50 nm, SBR= 4,
central CRB values under MINFLUX for l= 1, 2, 3 are
2.31 nm, 1.15 nm and 0.76 nm, respectively. This
improvement slightly exceeds l-fold, as can also be
inferred from Eq. (4). In RASTMIN, the corresponding
values are 2.66 nm, 1.44 nm, and 1.00 nm, showing a
smaller improvement on the central CRB compared to
MINFLUX. Compared with several variants of MINFLUX
which have demonstrated nanometer-scale resolution (as
summarized in the table in Ref.26), HO vortex beams hold
significant promise for further improving MINFLUX
precision to the sub-nanometer level under optimized
conditions.
While MINFLUX excels in achieving higher central

precision, RASTMIN offers advantages with its expanded
FOV. In Fig. 3a, we study the CRB distribution across
two-dimensional (2D) space. As can be observed, for
MINFLUX, increasing the vortex order significantly
reduces the central CRB, but this improvement is limited
to the central region. The CRB deteriorates considerably
outside the central area, indicating that optimal localiza-
tion requires confining the emitter near the center of the
TCP. In contrast, RASTMIN, despite its slightly inferior
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vortex phase plate (VPP)38 can be considered as a
straightforward replacement of the standard 2π VPP.
When the same circularly polarized light is transmitted
through a HO VPP and subsequently focused by a high
numerical aperture (NA) objective lens, a tightly focused
HO vortex beam can be efficiently produced. A numerical
demonstration, provided in Supplementary Section IV,
offers more quantitative analysis of the beam
characteristics.
Future studies for the optimization of MINFLUX can be

expanded in various directions. For example, three-
dimensional (3D) enhanced MINFLUX can be achieved
by further modulating the axial profile of the 3D optical
doughnut. Meanwhile, more degrees of freedom, such as
polarization39, can be considered for improving the per-
formance of MINFLUX. In addition, integrating MIN-
FLUX with other label-free methods40 offers
complementary advantages. In complex scenarios, multi-
modal imaging incorporating fluorescence and non-
fluorescence techniques facilitates resolving samples at
different scales, enabling superresolution across a wide
range of applications.
More broadly, investigating the optimal light beam or

modulation method for superresolution in different ima-
ging modalities remains an intriguing topic. Delving into
effective modulation strategies for various scenarios
merits both theoretical and experimental efforts, holding
great potential for advancing diverse biomedical studies.

Materials and methods
The CRB of MINFLUX can be derived as follows.

Consider n-photon fluorescence, the intensity of detected
emission is proportional to the n-th power of the intensity
of the excitation light,

λk ¼ βInðre � rkÞ ð8Þ
where re is the position of the emitter and frkg represents
the TCP of the excitation. β is a coefficient representing
the effect of collection efficiency of the system, quantum
yield and absorption cross-section of the fluorophore.

The probability distribution of detected photons nor-
malized over the TCP is thus given by

pk ¼
λkPK
k¼1 λk

ð9Þ

In the presence of background noise, the probability
distribution is accordingly modified as

pk ¼
λk þ ξkPK

k¼1ðλk þ ξkÞ
ð10Þ

where ξk is background intensity at rk .

The signal to background ratio is then defined as

SBR ¼
PK

k¼1 λkPK
k¼1 ξk

ð11Þ

For simplicity, we assume a uniform background across
all scanning positions, i.e. ξk ¼ ξ for every k.
It should be noted that SBR is influenced by the TCP as

well as the emitter. In MINFLUX and RASTMIN, SBR is
therefore a function of the TCP length L and the emitter’s
position re. In this study, the SBR is generally set with
reference to a central emitter and a specific length.
Given a total of N collected photons, the probability

distribution of photon detection across different positions
follows a multinomial distribution,

PðnjreÞ ¼ N !QK
k¼1 nk !

YK
k¼1

pnkk ð12Þ

where n ¼ ðn1; n2; � � � ; nK Þ, and nk is the number of
photons detected at rk satisfying N ¼Pknk .

The score function is expressed as

S ¼ ∇ lnPðnjreÞ ¼
XK
k¼1

nk
pk

∂ pk
∂x

;
nk
pk

∂pk
∂y

� �T
ð13Þ

We can then derive the Fisher information matrix as

J r ¼ EðSST Þ ¼ N
XK
k¼1

1
pk

∂pk
∂x

� �2
∂pk
∂x

∂pk
∂y

∂pk
∂y

∂pk
∂x

∂pk
∂y

� �2

2
64

3
75 ð14Þ

The lower bound of the covariance matrix, represented
as the Cramér-Rao bound, is given by

Σr ¼ J�1
r ð15Þ

Following convention, we primarily investigate the
arithmetic mean of the eigenvalues of Σr ,

σr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2
TrΣr

r
ð16Þ

In this context, the term CRB explicitly refers to σr in
Eq. (16).
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position. The estimator used in MLE is given by

r̂e ¼ arg max
re

PðnjreÞ ð6Þ

Details refer to Methods section. We conduct Monte
Carlo simulations for both MINFLUX and RASTMIN
using different orders of vortex beams, with results
summarized in Fig. 5. The sample considered here is a
3 × 3 array of emitters, which can be realized using
fluorophore-labeled DNA origami. The distance between
adjacent emitters is 5 nm. In each trial, we set the total
photon number N to 300, the length of TCP L to 50 nm,
and the SBR to 4. For each case, 2000 trials are performed
to evaluate the root mean square error (RMSE), which is
defined as

RMSE ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2
Eðjr̂e � rej2Þ

r
ð7Þ

where the factor 2 is to keep consistency with the
arithmetic mean of CRB in Eq. (16).

The results demonstrate that HO vortex beams sig-
nificantly enhance the resolvability of the emitters,
achieving substantially smaller estimation errors com-
pared to conventional MINFLUX. The average localiza-
tion error decreases from 1.33 nm (l= 1) to 0.75 nm
(l= 2) and 0.59 nm (l= 3). Comparable improvements are
observed in RASTMIN, with the average error reduced
from 1.52 nm to 0.88 nm and 0.64 nm, respectively. The
simulations also validate the effectiveness of the CRB
derived in this study. The overall RMSEs for all cases
remain within 5% of the theoretical bounds, illustrating
that the localization precision is well-bounded by the
CRB.
Additionally, as originally noted by Balzarotti et al.4, the

localization precision is not isotropic in 2D space. Our

simulations also reveal that the estimated positions are
not isotropically distributed along each direction when
the emitter is not at the center of TCP. While the esti-
mated positions generally follow bivariate Gaussian dis-
tributions, their standard deviations along orthogonal
axes are typically unequal, except for the central emitter.
This anisotropy becomes more noticeable with the use of
HO vortex beams, particularly in MINFLUX. For
instance, in 3rd-order MINFLUX, the estimated positions
of edge emitters exhibit strong anisotropy. The results in
RASTMIN also indicate anisotropy, although the effect is
less pronounced compared to MINFLUX. A detailed
analysis of the anisotropy of CRB is provided in Supple-
mentary Section II.

Discussion
Through the analysis presented, we demonstrate that HO

vortex beams can enhance the performance of MINFLUX
in both conventional and raster scan TCP modes, each with
distinct advantages. For conventional MINFLUX, an l-order
vortex beam improves the maximum precision by a factor
of l, enabling ultra-high achievable resolution under optimal
conditions. However, this improvement in precision is pri-
marily confined to the central region, making it better
suited for iterative measurements. For RASTMIN, although
the increase in maximum precision is not as pronounced as
in MINFLUX, the improvement extends across a larger
FOV with a more isotropic and uniform distribution, which
allows for highly precise localization of samples over a
broad range in fixed observations.
In practice, the precision of MINFLUX is predominantly

limited by noise, particularly for HO vortices. As demon-
strated in Supplementary Section III, HO vortices exhibit
higher sensitivity to background noise compared to their
lower-order counterparts. As background intensity increa-
ses, the precision of HO vortices is more severely impacted
due to the rapid decline in the SBR, thereby hindering the
broader utilization of HO vortices in MINFLUX applica-
tions. This issue poses a significant challenge for advancing
HO vortex beam-based MINFLUX, where emissions from
the large central dark region could be overwhelmed by
noise, impeding the extraction of sufficient signals for
accurate localization. Maintaining a high SBR for HO vor-
tex beams requires stringent experimental conditions, such
as highly sensitive single photon detectors with negligible
dark counts and efficient optical filters to eliminate excita-
tion and ambient light. Other experimental imperfections,
including system vibrations and aberrations32, should also
be compensated accordingly.
The generation of HO vortex beams has been exten-

sively studied using various methods, including wave
plates33, spatial light modulators34, metamaterials35,
fibers36 or directly from laser cavities37. For seamless
integration with conventional MINFLUX setup, HO
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vortex phase plate (VPP)38 can be considered as a
straightforward replacement of the standard 2π VPP.
When the same circularly polarized light is transmitted
through a HO VPP and subsequently focused by a high
numerical aperture (NA) objective lens, a tightly focused
HO vortex beam can be efficiently produced. A numerical
demonstration, provided in Supplementary Section IV,
offers more quantitative analysis of the beam
characteristics.
Future studies for the optimization of MINFLUX can be

expanded in various directions. For example, three-
dimensional (3D) enhanced MINFLUX can be achieved
by further modulating the axial profile of the 3D optical
doughnut. Meanwhile, more degrees of freedom, such as
polarization39, can be considered for improving the per-
formance of MINFLUX. In addition, integrating MIN-
FLUX with other label-free methods40 offers
complementary advantages. In complex scenarios, multi-
modal imaging incorporating fluorescence and non-
fluorescence techniques facilitates resolving samples at
different scales, enabling superresolution across a wide
range of applications.
More broadly, investigating the optimal light beam or

modulation method for superresolution in different ima-
ging modalities remains an intriguing topic. Delving into
effective modulation strategies for various scenarios
merits both theoretical and experimental efforts, holding
great potential for advancing diverse biomedical studies.

Materials and methods
The CRB of MINFLUX can be derived as follows.

Consider n-photon fluorescence, the intensity of detected
emission is proportional to the n-th power of the intensity
of the excitation light,

λk ¼ βInðre � rkÞ ð8Þ
where re is the position of the emitter and frkg represents
the TCP of the excitation. β is a coefficient representing
the effect of collection efficiency of the system, quantum
yield and absorption cross-section of the fluorophore.

The probability distribution of detected photons nor-
malized over the TCP is thus given by

pk ¼
λkPK
k¼1 λk

ð9Þ

In the presence of background noise, the probability
distribution is accordingly modified as

pk ¼
λk þ ξkPK

k¼1ðλk þ ξkÞ
ð10Þ

where ξk is background intensity at rk .

The signal to background ratio is then defined as

SBR ¼
PK

k¼1 λkPK
k¼1 ξk

ð11Þ

For simplicity, we assume a uniform background across
all scanning positions, i.e. ξk ¼ ξ for every k.
It should be noted that SBR is influenced by the TCP as

well as the emitter. In MINFLUX and RASTMIN, SBR is
therefore a function of the TCP length L and the emitter’s
position re. In this study, the SBR is generally set with
reference to a central emitter and a specific length.
Given a total of N collected photons, the probability

distribution of photon detection across different positions
follows a multinomial distribution,

PðnjreÞ ¼ N !QK
k¼1 nk !

YK
k¼1

pnkk ð12Þ

where n ¼ ðn1; n2; � � � ; nK Þ, and nk is the number of
photons detected at rk satisfying N ¼Pknk .

The score function is expressed as

S ¼ ∇ lnPðnjreÞ ¼
XK
k¼1

nk
pk

∂ pk
∂x

;
nk
pk

∂pk
∂y

� �T
ð13Þ

We can then derive the Fisher information matrix as

J r ¼ EðSST Þ ¼ N
XK
k¼1

1
pk

∂pk
∂x

� �2
∂pk
∂x

∂pk
∂y

∂pk
∂y

∂pk
∂x

∂pk
∂y

� �2

2
64

3
75 ð14Þ

The lower bound of the covariance matrix, represented
as the Cramér-Rao bound, is given by

Σr ¼ J�1
r ð15Þ

Following convention, we primarily investigate the
arithmetic mean of the eigenvalues of Σr ,

σr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2
TrΣr

r
ð16Þ

In this context, the term CRB explicitly refers to σr in
Eq. (16).
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position. The estimator used in MLE is given by

r̂e ¼ arg max
re

PðnjreÞ ð6Þ

Details refer to Methods section. We conduct Monte
Carlo simulations for both MINFLUX and RASTMIN
using different orders of vortex beams, with results
summarized in Fig. 5. The sample considered here is a
3 × 3 array of emitters, which can be realized using
fluorophore-labeled DNA origami. The distance between
adjacent emitters is 5 nm. In each trial, we set the total
photon number N to 300, the length of TCP L to 50 nm,
and the SBR to 4. For each case, 2000 trials are performed
to evaluate the root mean square error (RMSE), which is
defined as

RMSE ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2
Eðjr̂e � rej2Þ

r
ð7Þ

where the factor 2 is to keep consistency with the
arithmetic mean of CRB in Eq. (16).

The results demonstrate that HO vortex beams sig-
nificantly enhance the resolvability of the emitters,
achieving substantially smaller estimation errors com-
pared to conventional MINFLUX. The average localiza-
tion error decreases from 1.33 nm (l= 1) to 0.75 nm
(l= 2) and 0.59 nm (l= 3). Comparable improvements are
observed in RASTMIN, with the average error reduced
from 1.52 nm to 0.88 nm and 0.64 nm, respectively. The
simulations also validate the effectiveness of the CRB
derived in this study. The overall RMSEs for all cases
remain within 5% of the theoretical bounds, illustrating
that the localization precision is well-bounded by the
CRB.
Additionally, as originally noted by Balzarotti et al.4, the

localization precision is not isotropic in 2D space. Our

simulations also reveal that the estimated positions are
not isotropically distributed along each direction when
the emitter is not at the center of TCP. While the esti-
mated positions generally follow bivariate Gaussian dis-
tributions, their standard deviations along orthogonal
axes are typically unequal, except for the central emitter.
This anisotropy becomes more noticeable with the use of
HO vortex beams, particularly in MINFLUX. For
instance, in 3rd-order MINFLUX, the estimated positions
of edge emitters exhibit strong anisotropy. The results in
RASTMIN also indicate anisotropy, although the effect is
less pronounced compared to MINFLUX. A detailed
analysis of the anisotropy of CRB is provided in Supple-
mentary Section II.

Discussion
Through the analysis presented, we demonstrate that HO

vortex beams can enhance the performance of MINFLUX
in both conventional and raster scan TCP modes, each with
distinct advantages. For conventional MINFLUX, an l-order
vortex beam improves the maximum precision by a factor
of l, enabling ultra-high achievable resolution under optimal
conditions. However, this improvement in precision is pri-
marily confined to the central region, making it better
suited for iterative measurements. For RASTMIN, although
the increase in maximum precision is not as pronounced as
in MINFLUX, the improvement extends across a larger
FOV with a more isotropic and uniform distribution, which
allows for highly precise localization of samples over a
broad range in fixed observations.
In practice, the precision of MINFLUX is predominantly

limited by noise, particularly for HO vortices. As demon-
strated in Supplementary Section III, HO vortices exhibit
higher sensitivity to background noise compared to their
lower-order counterparts. As background intensity increa-
ses, the precision of HO vortices is more severely impacted
due to the rapid decline in the SBR, thereby hindering the
broader utilization of HO vortices in MINFLUX applica-
tions. This issue poses a significant challenge for advancing
HO vortex beam-based MINFLUX, where emissions from
the large central dark region could be overwhelmed by
noise, impeding the extraction of sufficient signals for
accurate localization. Maintaining a high SBR for HO vor-
tex beams requires stringent experimental conditions, such
as highly sensitive single photon detectors with negligible
dark counts and efficient optical filters to eliminate excita-
tion and ambient light. Other experimental imperfections,
including system vibrations and aberrations32, should also
be compensated accordingly.
The generation of HO vortex beams has been exten-

sively studied using various methods, including wave
plates33, spatial light modulators34, metamaterials35,
fibers36 or directly from laser cavities37. For seamless
integration with conventional MINFLUX setup, HO

l = 1 l = 2 l = 3

M
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X
R

AS
TM

IN

5 nm

Fig. 5 Simulated results for HO vortex based MINFLUX
localization. Top: MINFLUX, bottom: RASTMIN. Scale bar: 5 nm.
Simulation conditions: N= 300, L= 50 nm, SBR= 4, trials = 2000
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Efficient generation of Bessel-Gauss attosecond
pulse trains via nonadiabatic phase-matched high-
order harmonics
Mingxuan Li 1,2, Xiangyu Tang 3, Huiyong Wang1,2, Jialong Li1,2, Wentao Wang1,2, Jiaao Cai1,2, Jieda Zhang1,2,
Xinyue San1,2, Xinning Zhao1,2, Pan Ma1,2, Sizuo Luo 1,2✉, Cheng Jin 3,4✉ and Dajun Ding 1,2✉

Abstract
Generating Bessel-Gauss beams in the extreme ultraviolet (EUV) with attosecond pulse durations poses a significant
challenge due to the limitations of conventional transmission optical components. Here, we propose a novel approach
to produce such beams by inducing an annular EUV source through high-order harmonic generation (HHG) under
nonadiabatic phase-matching conditions. The resulting light pulse maintains temporal coherence and manifests
attosecond pulse trains as confirmed by the reconstruction of attosecond beating by interference of two-photon
transitions (RABBIT) measurements. Macroscopic HHG calculations reproduce the measured spatiotemporal structures,
demonstrating the plasma-induced spatial modulation on the formation of an annular source. Propagation simulations
further confirm the feasibility of this approach for generating attosecond Bessel-Gauss beams, presenting exciting
prospects for various applications in EUV photonics and attosecond science.

Introduction
A laser beam passing through a narrow circular slit

placed in the focal plane of a lens forms a diffraction-free
beam, as proposed by Durnin et al.1,2, which is known as a
Bessel-Gauss beam3 due to its spatial intensity distribu-
tion during propagation in the free field4. The Bessel-
Gauss beam is nondiffracting in the zone of the conical
superposition of plane wave vectors, with the extra-
ordinary focusing and self-healing characteristics that
have been used for laser ablation5,6, optics trapping7,
microscopy and long-range sensing8–10, as well as quan-
tum entanglement11,12. These applications span the fre-
quency range from microwave to ultraviolet with various
generation methods, such as the use of a circular slit1,
axicon13,14, and holography10,15,16. However, the above
methods have difficulties in extending the generation of

the Bessel-Gauss beam into the EUV regime due to the
absorption property of optical materials. The EUV Bessel-
Gauss beam in attosecond duration holds significant
potential to advance applications in coherent imaging,
EUV photolithography, and attosecond science17–19.
High-order harmonic generation (HHG)20,21 is widely

used as a light source for attosecond science22–28 and
EUV imaging29–31, owing to its intrinsic attosecond
temporal resolution and the broad bandwidth in the EUV
regime. The spatiotemporal structure of HHG has been
extensively investigated, revealing a wealth of phenomena,
including the attosecond lighthouse effect32,33, quantum
path interference34–36, and caustics37. Furthermore,
structured near-infrared (NIR) laser beams have also been
used to drive this nonlinear process, e.g., Bessel-
Gauss38–40, truncated Bessel41, and annular beams42.
Since the non-diffraction property of the Bessel-Gauss
beam is not inherent, it cannot be directly transferred
through the up-conversion process, making the genera-
tion of attosecond Bessel-Gauss beams in the EUV regime
a challenging task. In addition, wavefront control of the
fundamental laser with solid-based high harmonic43 has
been used to produce the Bessel-like beam in the vacuum
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